Let f (x) be a square free quartic polynomial defined over a quadratic field K such that its leading coefficient is a square. If the continued fraction expansion of f (x) is periodic, then its period n lies in the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 17, 18, 22, 26, 30, 34}. We write explicitly all such polynomials for which the period n occurs over K but not over Q and n ∈ {13, 15, 17}. Moreover we give necessary and sufficient conditions for the existence of such continued fraction expansions with period 13, 15 or 17 over K.
Introduction
Let E be an elliptic curve defined over a field K whose characteristic is different from 2, 3. One can describe E using an equation of the form y 2 = f (x) where f (x) is a square free quartic polynomial whose leading coefficient is a square in K. In [1] the authors were able to prove that the continued fraction expansion of f (x) is periodic if and only if the point ∞ + − ∞ − is of finite order on E. Furthermore the period of the continued fraction expansion can be determined once the order of the point ∞ + − ∞ − is known. Given a square free quartic polynomial f (x) = a 0 x 4 + a 1 x 3 + a 2 x 2 + a 3 x + a 4 defined over K whose leading coefficient a 0 is a square, the curve defined by the equation C : y 2 = f (x) has a rational point, namely (1 : ± √ a 0 : 0). Therefore the curve C is isomorphic over K to its Jacobian elliptic curve E. The continued fraction expansion of f (x) is periodic if and only if the order of ∞ + − ∞ − in E(K) is finite. In fact if the order of ∞ + − ∞ − is n then the period of the continued fraction is either n − 1 or 2(n − 1) where the second case occurs only if n is even.
The above argument leads one to study elliptic curves with torsion points in order to investigate quartic polynomials f (x) where the continued fraction expansion of f (x) is periodic. An elliptic curve with a K-rational torsion point of order n can be written in Tate If f (x) has a square leading coefficient such that the continued fraction expansion of f (x) is periodic then there exist b, c ∈ K such that the curve C : y 2 = f (x) is isomorphic to E b,c .
In [2] Alfred van der Poorten wrote explicitly all square free quartic polynomials f (x) over Q with a square leading coefficient such that f (x) is periodic. Following Mazur's classification of torsion points of elliptic curves over Q the possible periods are {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 14, 18, 22}.
In fact it was shown that all of these periods occur over Q except for 9 and 11 as there is no such polynomial over Q such that the continued fraction expansion of f (x) is of period 9 nor 11.
In this article we write down all square free quartic polynomials f (x) with a square leading coefficient such that the continued fraction expansion of f (x) is periodic over some quadratic field K. According to the classification of torsion points of elliptic curves over quadratic fields the possible periods are the ones over Q together with {9, 11, 12, 13, 15, 17, 26, 30, 34}.
We prove that the periods 9, 11 occur over some quadratic fields. Moreover we display all quartic polynomials that give rise to the periods 12, 26, 30, 34. In addition we present the quadratic fields with the smallest absolute value of their discriminants over which these periods occur. Finally we give necessary and sufficient conditions for the odd periods 13, 15, 17 to occur over a quadratic field K. More precisely we show that the period n, n = 13, 15, 17, occurs if and only if there exists a z ∈ K such that z 2 = α(t, s) for some K-rational point (t, s) lying on the modular curve X 1 (n + 1).
Continued fractions and elliptic curves
Let E be an elliptic curve defined over a field K with char K = 2. Let π : E → P 1 be a degree 2 separable map. Let x ∈ K(P 1 ) have a simple pole at a point ∞ ∈ P 1 . Thus one can identify K(x) with K(P 1 ). Choosing y ∈ K(E) with a pole of order 2 at ∞ + , one can construct a hyperelliptic equation
is a polynomial of degree 4. We can assume moreover that the leading coefficient of f (x) is a square. The pullback of ∞ ∈ K(P 1 ) under π consists of two unramified points ∞ + and ∞ − defined over K. Moreover ∞ + − ∞ − is a point on the Jacobian curve of E which is E itself. Now 1/x is a uniformising parameter at ∞ + , and defines an embedding K(E) ֒→ L := K((1/x)).
Let α be an element in K(E). Then the image of α in L is the Laurent series of α. The element α has a continued fraction expansion
which can be written shortly as [a 0 , a 1 , a 2 , a 3 , . . .]. The continued fraction algorithm is defined as follows: a 0 is the polynomial part of α. The partial quotient a h is defined to be the polynomial part of α h , then the (h+1)-th complete quotient is
which is again an element in L. The h-th convergent is defined to be
The complete quotient α h of α is of the form
. Furthermore deg P h+1 = 2 and deg Q h ≤ 1 for all h = 0, 1, 2, . . .. The partial quotients a h of α, h ≥ 1, are polynomials of degree 1. When B, C are nonzero in K[x] one obtains the following identity
see [7, p. 140] .
A continued fraction of some α ∈ K(E) is said to be periodic if there is a positive integer n such that a h+n = a h for every h > 1. The smallest such n is called the period of the continued fraction.
is a square free polynomial of degree 4 whose leading coefficient is a square. The following statements are equivalent.
i. The point ∞ + − ∞ − is a torsion point on E.
ii. y = f (x) has a periodic continued fraction expansion.
Proof: This is the main result of [1] , see [7, Lemma 7] . ✷
The period of the continued fraction expansion of y is determined by the following proposition, see [1, Corollary 4.4] . Proposition 2.2. If the order of ∞ + −∞ − is n then the period of the continued fraction of y is either n − 1 or 2(n − 1). Moreover the second case holds only if n is even.
The following lemma describes the partial quotients of the continued fraction in Lemma 2.1. Lemma 2.3. Let f (x) be a quartic polynomial over K whose leading coefficient is a square. Assume moreover that f (x) has no repeated roots. Assume that the continued fraction expansion of f (x) is periodic. Then the continued fraction expansion of f (x) is given by:
where a 0 is of degree 2, and a i is of degree 1,
Proof: This is [8, Proposition 3] . ✷ Remark 2.4. In Lemma 2.3 if k = 1, then the period length is r. If k = 1, in particular r is odd, then µy has period length r if and only if µ 2 = 1/k. This follows because the continued fraction of µy is given by µy = µa 0 , a 1 /µ, µa 2 , . . . , µa r−1 , 2a 0 /(kµ), kµa 1 , . . . , a r−1 /(kµ), 2a 0 µ ,
Remark 2.5. The explicit description of the partial quotients of the continued fraction expansion of f (x), where f (x) = (x 2 + u) 2 − 4v(x + w), can be found in [2, §4] and is given as follows: 
If the continued fraction of f (x) is periodic with period n then c h = c n−h , 1 ≤ h ≤ n − 1.
Torsion points of elliptic curves
Since Mazur's classification of torsion points of elliptic curves defined over Q, an enormous amount of research has been directed toward studying torsion points of elliptic curves over number fields.
Theorem 3.1. Let E be an elliptic curve defined over Q. Then the torsion subgroup E tor (Q) is isomorphic to one of the following 15 groups:
The theorem above together with Proposition 2.2 implies that if y 2 = f (x) is a quartic model for E such that ∞ + − ∞ − has finite order then f (x) has continued fraction expansion with period r where r ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 14, 18, 22}. In [8] it was proved that the period r does not take the values 9, 11.
For quadratic extensions of Q, a series of papers by Kamienny, Kenku, and Momose leads to the following analogue of Mazur's classification of torsion points of elliptic curves.
Theorem 3.2. Let K be a quadratic extension of Q. Let E be an elliptic curve defined over K. Then the torsion subgroup E tor (K) is isomorphic to one of the following 26 groups: It follows that the periods that may occur over K but not over Q are in the set S ′ = {9, 11, 12, 13, 15, 17, 26, 30, 34}.
In this paper we investigate whether all the values in the set S ′ are realized over some quadratic field. In other words, does every r ∈ S ′ appear as the period of the continued fraction of f (x) for some square free polynomial f (x) ∈ K[x] of degree 4 whose leading coefficient is a square, where K is a quadratic field?
Tate's normal form is a Weierstrass equation describing an elliptic curve with nontrivial torsion points, namely it is given by
where the point (0, 0) is a point of finite maximal order which is neither 2 nor 3. Kubert was the first to list all elliptic curves over Q with a torsion point in Tate's normal form, see [4] . More precisely, a parametrization of the coefficients b, c were given explicitly in terms of a parameter t for every elliptic curve in the list of Theorem 3.1. These normal forms were used in [8] to produce all periodic continued fractions of f (x), where f (x) is a square free polynomial of degree 4 over Q. In order to extend the work of [8] over quadratic fields, one needs to seek a parametrization for elliptic curves with torsion points over quadratic fields. This can be found in [6] . Let Y 1 (M, N) be the affine modular curve parametrizing isomorphism classes of triples (E, P M , P N ) where P M , P N are points on the elliptic curve E such that
by adding the cusps. For simplicity we are going to write
The following theorem is [5, Theorem 2] . It provides the complete list of orders of torsion points of elliptic curves defined over either Q(
tor is either one of the groups from Mazur's Theorem or Z/4Z × Z/4Z. ii. Let E be an elliptic curve over Q( √ −3). Then E Q( √ −3) tor is either one of the groups from Mazur's Theorem, Z/3Z × Z/3Z or Z/3Z × Z/6Z.
In fact, the only quadratic field over which torsion Z/4Z × Z/4Z occurs is Q( √ −1), and the only quadratic field over which torsion Z/3Z × Z/3Z and Z/3Z × Z/6Z occur is Q √ −3 . For the convenience of the reader we write down the defining equations of the curves X 1 (M, N) that correspond to elliptic curves with torsion points over a quadratic field, but not all of them are defined over the rational field. We use the following defining equations that were collected from different sources in [3] .
Curve
Equation Cusp
In order to find elliptic curves over K with torsion Z/nZ×Z/mZ, one checks whether X 1 (M, N) has a K-rational point which is not a cusp.
Quartic models of elliptic curves
We write down the isomorphisms between Tate's elliptic curve E b,c : y 2 +(1−c)xy −by = x 3 − bx 2 and an elliptic curve in short Weierstrass normal form. These can be found for example in [8] . This is performed via the following change of variables
Now the elliptic curve E b,c is isomorphic to
Moreover the torsion point (0, 0) is transformed to a torsion point P = (c 2 − 2c − 4b + 1)/12, b/2) of maximal order. In addition any other elliptic curve described by a short Weierstrass equation and isomorphic to E b,c will be isomorphic to E via a transformation of the form
Let v 2 = u 3 +Au+B, A, B ∈ K, be a Weierstrass equation describing an elliptic curve E with a rational point P (a, b) ∈ E(K). One can write a quartic model describing E for which the points P and O are the points at infinity using the following transformation that can be found in [1] . Namely, one has
define a birational equivalence between E and the curve E P described by
Furthermore the point P and the point at infinity O on E are sent to the points at infinity on E P . We conclude with the following proposition.
Proposition 4.1. Let E be an elliptic curve over a field K such that char K = 2, 3. Assume moreover that E has a K-rational point of finite order m. Then there exist b, c ∈ K such that E is K-isomorphic to an elliptic curve described by the following equation
where
Proof: This follows from the argument above observing that any elliptic curve E with a point of finite order can be described by a Tate's normal form equation
where (0, 0) is the torsion point of maximal order. Then using a birational equivalence one can describe E by the following quartic model
Now two birationally equivalent projective curves are isomorphic. ✷ Corollary 4.2. Let f (x) be a square free quartic polynomial defined over K, char K = 2, 3, whose leading coefficient is a square. If the continued fraction expansion of f (x) is periodic then the curve y 2 = f (x) is K-isomorphic to an elliptic curve defined by the following equation
Jacobian elliptic curve E. Moreover since the continued fraction of f (x) is periodic then ∞ + − ∞ − is of finite order in E(K). One concludes using Proposition 4.1. ✷
Continued fraction with periods 9 and 11
In [8] it was proved that there is no quartic polynomial f (x) over Q with square leading coefficient such that the continued fraction of f (x) is periodic of period 9 or 11. We give explicit examples of square-free polynomials of degree 4 whose square root has a continued fraction expansion with periods 9 and 11 over quadratic fields. In fact we find the quadratic fields with the smallest absolute value of the discriminant |∆| over which these polynomials exist, and the quadratic fields with the smallest |∆| over which infinitely many such polynomials exist.
Theorem 5.1. The quadratic field Q √ −1 is the quadratic field with the smallest |∆| over which there is a square free quartic polynomial f (x) for which the continued fraction of f (x) has period 9, whereas Q √ 2 is the quadratic field with the smallest |∆| over which there are infinitely many such quartic polynomials.
Proof: According to Proposition 2.2 if the point ∞ + − ∞ − on the hyperelliptic curve y 2 = f (x) has order 10 then the period of the continued fraction of f (x) is either 9 or 18.
The parametrization of an elliptic curve with a torsion point of order 10 is given by E b,c :
According to Proposition 4.1 the elliptic curve E b,c can be described by a quartic model given by y 2 = (X 2 + u 10 ) 2 − 4v 10 (X + w 10 ) where
with t(t − 1)(2t − 1)(t 2 − 3t + 1) = 0 and k 10 (t) = −4t(t − 1)(t 2 − 3t + 1). Now the continued fraction expansion of y is given by
,
According to Lemma 2.3 the continued fraction of µy is periodic of period 9 if and only if a 9 (µy)/a 0 (µy) = 2 where a i (µy) is the i-th partial quotient of µy. Equivalently, when k 10 = 1/µ 2 , see Remark 2.4. In other words, one needs to investigate C 10 (K) where C 10 : y 2 = k 10 := −4t(t − 1)(t 2 − 3t + 1), y = 0. The Jacobian elliptic curve E 10 of C 10 is given by y 2 = x 3 − x 2 − x. One has E 10 (Q( √ −1)) = Z/6Z which means that E 10 contains points which are not cusps over Q( √ −1), whereas E 10 (K) = Z/2Z when
is the quadratic field with the smallest discriminant over which E 10 has rational points which are not cusps and therefore Q( √ −1) is the quadratic field over which there exists a quartic polynomial whose square root has a continued fraction of period 9.
Furthermore rank(E 10 (Q( √ 2))) = 1 whereas rank(E 10 (K)) = 0 for any quadratic field K with |∆| < 8. In fact the rank of E 10 (Q( √ −2)) is 0. Thus Q( √ 2) is the quadratic field with the smallest discriminant over which there are infinitely many quartic polynomials f (x) such that the period of the continued fraction expansion of f (x) is 9. ✷ Theorem 5.2. The quadratic field Q √ −1 is the quadratic field with the smallest |∆| over which there is a square free quartic polynomial f (x) for which the continued fraction of f (x) has period 11, whereas Q √ 5 is the quadratic field with the smallest |∆| over which there are infinitely many such quartic polynomials.
Proof: Let f (x) be a quartic polynomial. If the point ∞ + − ∞ − has order 12 on the curve y 2 = f (x) then the period of the continued fraction of f (x) is either 11 or 22. An elliptic curve with a torsion point of order 12 has the following parametrization E b,c :
where t(t−1)(2t−1)(2t 2 −2t+1)(3t 2 −3t+1) = 0. A quartic model for the elliptic curve E b,c on which ∞ + −∞ − is a point of order 12 is given by y 2 = (X 2 +u 12 ) 2 −4v 12 (X +w 12 ) where
. Now the continued fraction of y can be found in [8] up to a 11 (y):
One concludes that for µy to have a periodic continued fraction of period 11 one must have a 11 (µy)/a 0 (µy) = 2, in other words k 12 (t) = 1/µ 2 , see Remark 2.4. This implies that 1/µ is the y-coordinate of a rational point on the curve y 2 = 4t(2t − 1) 2 (3t 2 − 3t + 1)
Considering the square free part of k 12 (t), one needs to find a rational point on the elliptic curve C 12 : y 2 = t(3t 2 − 3t + 1)(t − 1). The Jacobian elliptic curve of C 12 is E 12 :
, where all of the points are cusps. In fact E 12 (Q( √ −1)) = Z/8Z, where at least one of the points is not a cusp. Therefore
is the quadratic field with the smallest absolute value of its discriminant |∆| over which there is a quartic polynomial for which the continued fraction of the square root is periodic with period 11. One has rank(E 12 (Q √ d)) = 0 where d = −1, ±2, ±3, −5, whereas rank(E 12 (Q( √ 5))) = 1. Therefore the quadratic field with the smallest |∆| over which E 12 has a rational point is Q( √ 5). It follows that Q( √ 5) is the quadratic field with the smallest |∆| over which there are infinitely many square free quartic polynomials for which the continued fraction of the square root is periodic with period 11. ✷ Moreover for any r ∈ S there is a square free quartic polynomial defined over Q such that the continued fraction of f (x) is periodic with period r.
Moreover for any r ∈ T there is a square free quartic polynomial defined over Q( √ −1) such that the continued fraction of f (x) is periodic with period r.
Proof: The list S in (i) was proved to be complete over Q, see the discussion in §3. The classification of torsion points of an elliptic curve defined over Q( √ −1) and Q( √ −3) is given in Theorem 3.4. More specifically a torsion point on E has maximal order 12. Therefore the possible periods occurring over Q( √ −1) and Q( √ −3) are those occurring over Q together with 9, 11. According to Theorem 5.1, the field with the smallest absolute value of its discriminant over which the periods 9 and 11 occur is Q( √ −1). ✷ 6 The even periods 10, 12, 14
The parametrization of elliptic curves with torsion points over quadratic fields was performed explicitly in [6] . The parameters are rational points on a modular curve whose genus is either 1 or 2.
We write explicitly the square free quartic polynomials f (x) such that the continued fraction of f (x) is periodic of even period n where n occurs over a quadratic field but not over the rational field. In this section we find those that give rise to the periods 10, 12 and 14. Although the periods 10 and 14 occur over Q, there are different families of quartic polynomials over quadratic fields that give rise to the periods 10 and 14.
Period 10
Over Q, quartic polynomials whose square roots have periodic continued fraction with period 10 originate from elliptic curves with torsion points of order 6. Over quadratic fields, there is another source for these quartic polynomials, namely, elliptic curves whose torsion is of order 11. Theorem 6.1. Let f (x) be the quartic polynomial f (x) = (x 2 + u 10 ) 2 − 4v 10 (x + w 10 ) defined over a quadratic field K where i. u 10 (t) = (3t 2 + 6t − 1)/4, v 10 (t) = 4t(t + 1), w 10 (t) = −(t − 1)/2, where t(t + 1)(3t 2 + 6t − 1) = 0, or; ii.
where (t, s) ∈ X 1 (11)(K), X 1 (11) : s 2 − s = t 3 − t 2 , and,
Then the continued fraction of f (x) is periodic with period 10.
Proof: In order for the continued fraction expansion of f (x) to be periodic of period 10, the order of the curve y 2 = f (x) at ∞ + − ∞ − must be either 6 or 11, see Proposition 2.2.
i. The curve C : y 2 = f (x) has order 6 at ∞ + − ∞ − , this can be found for example in [8, p. 109] .
ii. An elliptic curve with a torsion point of order 11 can be described as follows
where (t, s) ∈ X 1 (11) : s 2 − s = t 3 − t 2 , and,
, the result follows from Proposition 4.1. ✷
Period 12
Theorem 6.2. Let f (x) be the quartic polynomial f (x) = (x 2 + u 12 ) 2 − 4v 12 (x + w 12 ) defined over a quadratic field K where
where (t, s) is a point on X 1 (13)(K), X 1 (13) :
Then the continued fraction of f (x) is periodic with period 12. Further the quadratic field with the smallest |∆| over which such quartic polynomial exists is Q( √ 17). Moreover there are at most finitely many such quartic polynomials over a quadratic field K.
Proof: If the curve C : y 2 = f (x) has a point of order 13 at ∞ + − ∞ − then the continued fraction of f (x) is periodic with period 12. An elliptic curve with a point of order 13 is one of the following elliptic curves y 2 + (1 − c)xy − by = x 3 − bx 2 where (0, 0) is a point of order 13 and
where (t, s) is a point on X 1 (13) :
is the quadratic field with the smallest |∆| such that X 1 (13)(K) contains a K-rational point which is not a cusp, see [3, Theorem 3] . Moreover the finiteness follows because X 1 (13) is a curve of genus 2. ✷ Remark 6.3. Over Q( √ 17), one has (2, √ 17) ∈ X 1 (13) Q( √ 17) . Therefore the continued fraction of the square root of the following quartic polynomial is periodic over Q( √ 17) with period 12
Period 14
Theorem 6.4. Let f (x) be the quartic polynomial f (x) = (x 2 + u 14 ) 2 − 4v 14 (x + w 14 ) defined over a quadratic field K where i.
or; ii. 
where (t, s) ∈ X 1 (15)(K), X 1 (15) : s 2 + ts + s = t 3 + t 2 , and t(t + 1)(t 2 + t + 1)(t 4 + 3t 3 + 4t 2 + 2t + 1)(t 4 − 7t 3 − 6t 2 + 2t + 1) = 0.
Then the continued fraction of f (x) is periodic with period 14.
Proof: For the continued fraction expansion of f (x) to be periodic of period 14, the order of the curve y 2 = f (x) at ∞ + − ∞ − must be either 8 or 15, see Proposition 2.
2. In what follows we describe both possibilities respectively.
i. An elliptic curve has order 8 at ∞ + − ∞ − if it is parametrized as follows
ii. An elliptic curve with a torsion point of order 15 can be described as follows y 2 + (1 − c)xy − by = x 3 − bx 2 where
;
where (t, s) ∈ X 1 (15) : s 2 + ts + s = t 3 + t 2 , and, t(t + 1)(t 2 + t + 1)(t 4 + 3t 3 + 4t 2 + 2t + 1)(t 4 − 7t 3 − 6t 2 + 2t + 1) = 0. In (i) and (ii) one uses Proposition 4.1 to produce the square free quartic polynomial f (x). ✷ Remark 6.5. In Theorem 6.1 and Theorem 6.4 the smallest field over which the periods 10 and 14 occur is the rational field Q.
7 The periods 13, 26, 15, 30, 17, 34
In this section we parametrize the square free quartic polynomials f (x) defined over a quadratic field K for which the continued fraction expansion of f (x) is periodic with period 26, 30 or 34. Furthermore we present necessary and sufficient conditions in order for the continued fraction expansion of µ f (x), µ ∈ K, to be periodic with period 13, 15 or 17. The reason we investigate the pairs (13, 26), (15, 30), (17, 34) of periods is that each pair arises from elliptic curves of the same torsion order. For example elliptic curves with K-rational torsion points of order 14 give rise to quartic polynomials of either periods 13 or 26, see Proposition 2.2.
Periods 13 and 26
Theorem 7.1. Let f (x) = (x 2 + u) 2 − 4v(x + w) be defined over a quadratic field K where
i. The continued fraction of f (x) is periodic with period 26. The field Q( √ −7) is the quadratic field with the smallest |∆| over which there are quartic polynomials whose square root has a periodic continued fraction with period 26.
ii. There exists a µ ∈ K such that the continued fraction expansion of µ f (x) is of period 13 if and only if α 13 (t, s) is a K-square for some (t, s) ∈ X 1 (14)(K), 
where (t, s) ∈ X 1 (16)(K), X 1 (16) : s 2 = t(t 2 + 1)(t 2 + 2t − 1) and t(t − 1)(t + 1)(t 2 + 1)(t 2 − 2t − 1)(t 2 + 2t − 1) = 0. Then one has:
i. The continued fraction of f (x) is periodic with period 30. The field Q( √ −15) is the quadratic field with the smallest |∆| over which there is a quartic polynomial whose square root has a periodic continued fraction with period 30. Moreover there are at most finitely many such quartic polynomials over a quadratic field K.
ii. There exists a µ ∈ K such that the continued fraction expansion of µ f (x) is of period 15 if and only if α 15 (t, s) is a K-square for some (t, s) ∈ X 1 (16)(K), where (t, s) ∈ X 1 (18)(K), X 1 (18) : s 2 = t 6 + 2t 5 + 5t 4 + 10t 3 + 10t 2 + 4t + 1 and t(t + 1)(t 2 + t + 1)(t 3 − 3t − 1) = 0. Then one has i. The field Q( √ 33) is the quadratic field with the smallest |∆| over which there are quartic polynomials whose square root has a periodic continued fraction with period 34. Over a quadratic field K there are at most finitely many such quartic polynomials.
ii. There exists a µ ∈ K such that the continued fraction expansion of µ f (x) is of period 17 if and only if α 17 (t, s) is a K-square for some (t, s) ∈ X 1 (18)(K),
